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BORIS TSYGAN 

Abstract. Developing the ideas of Bressler and Soibelman and 
of Karabegov, we introduce a notion of an oscillatory module on 
a symplectic manifold which is a sheaf of modules over the sheaf 
of deformation quantization algebras with an additional structure. 
We compare the category of oscillatory modules on a torus to the 
Fukaya category as computed by Polishchuk and Zaslow. 

In memory of Moshe Flato 

1. Introduction 

Deformation quantization was first introduced in pQ. For a symplec- 
tic manifold (M, u), a deformation quantization algebra is C°°(M)[[^]] 
with a new associative, C [[H]\ -bilinear product 

oo 
k=l 

where 1*/ = /*1 = /, P k are bidifferential operators, and ^(f*g — g* 
f) = {/, g}(mod h), {f,g} being the Poisson bracket associated to uj. 
Since pQ was motivated both by quantum mechanics and by represen- 
tation theory, quantities of the type exp^S(x, £) played a prominent 
role there, as did modules over the deformed algebra. This is true 
with regard to many subsequent works on deformation quantization, 
in particular [TH] and [2J. 

Asymptotic analysis of quantities of the type exp(j^S(x,£)) at h — ► 
plays a crucial role in linear PDEs and in particular in quantum 
mechanics, cf. for example [31], [33], [H], [13], [17], [51]. This seems to 
have motivated not only [1] but also Fedosov's approach to deformation 
quantization [19], as well as other works on the subject. An idea to 
systematically put the theory from Guillemin and Sternberg's book [31] 
into Fedosov's context was suggested to the author by A. Karabegov. 
We started to realize it in [32]. The present paper is a continuation of 
this work. 
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Let (M, u) be a symplectic manifold. A deformation quantiza- 
tion algebra of M can be viewed, according to [19], as the algebra 
of horizontal sections of a bundle of algebras Am with a product- 
preserving flat connection Va- Locally in Darboux coordinates (x,£) = 
(xi, . . . , x n , £1, . . . , sections of A M are functions f(x, £, x, £, h) where 
x = (x\, . . . , x n ) and £ = (£i, . . . , £ n ) are formal variables; the product 

is the Sp-equivariant Moyal-Weyl product in x and £; the connection 
is, after a gauge transformation, equal to 

d d d d 

The sheaf of VA-horizontal sections of Am is isomorphic to C^[[/i]] 
(locally, horizontal sections are of the form f(x + x, £ + £) where / 
is a smooth function). The product makes this sheaf a deformation 
quantization of (M,u). In particular, a bundle V of Ajv/-modules with 
a compatible flat connection Vy gives rise to a sheaf of modules over 
the deformed algebra. 

In the approach that is presented in this paper, expressions exp(j^S) 
are viewed as sections of a groupoid on M. We start with the local, 
or rather formal, situation. Let A = C[[x, £, h]] with the Moyal-Weyl 
product. Its (continuous) derivations are all of the form [-^H, ?] for H 6 

A. They form a Lie algebra g that admits a central extension $j = -4A 
with the bracket [f,g] = f * g — g * f. Let G be the group of continuous 
automorphisms of A that induce a real symplectic isomorphism of C 2n . 
We define a central extension G of G (cf. 12.11) . Elements of G can be 
written as exp(^rS'(x, £, h)) where S is a power series such that S'(mod^) 

is a series in x, £ without a linear part and with real quadratic part. 
Note that a constant part is allowed. In other words, the construction 
of G out of G includes formally allowing expressions exp(^a + 6) where 
a and b are complex numbers. Note also that Sp(2n, R) is a subgroup 
of G, and the universal cover Sp(2n, M) is a subgroup of G. 

Now we have a group G, a Lie algebra 0, and an algebra A; G acts on 
5 and A, and g acts on A. All these actions are compatible. Next (in 
12.21) we construct a space TC on which G, g, and A all act in a compatible 
way. The space is an algebraic analog of the Weil metaplectic represen- 
tation. Elements of H are expressions of the type exp(^S'(x, h))f(x, h) 
and their (partial) Fourier transforms, as explained in 12.21 Here S is a 
power series as described above; / belongs to a certain completion of 
the space of power series. 
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Now consider a symplectic manifold (M,u). The Fedosov bundle of 
algebras Am is a bundle with the fiber A. There are also a bundle of 
Lie algebras Qm with the fiber g and a bundle of groups with the fiber 
G. We extend this bundle of groups to a groupoid on M (in 13.4)) . 

For x, y in M, let G XjV be the set of (continuous) isomorphisms of 
algebras A y ^* A x . The sets G x ^ y form a groupoid on M that we denote 
by Gm- An element g G defines an isomorphism go : — ► T X M 
(the linear part of g). Assume that C\(M) = 0. We define a new 
groupoid Gm which is an extension of Gm- For any x G M, (Gm) x ,x 
(or simply G X)X ) is isomorphic to an extension of the fundamental group 
iti(M, x) by G. 

For example, if M — K 2n , consider the trivial vector bundle with 
the fiber Ti. The set G^ Xl ^)^ X2 ^ 2 ) consists of isomorphisms T~t( X2 £ 2 ) ~* 
T~l(xi£i) ^hat are in the image of the group G. One can write sections of 
G on M x M as expressions exp(^S') where S = S(xi, X2, £i, £2, x, 6, ^) 
such that the linear part of S(modh) with respect to x and £ is equal 
to 

Slin = S X X + = (£1 - &)x - (Xi - X 2 )i 

and the quadratic part 

1 ^ \ 

•S'quad = ^SxxX + S^X^ + ^^Jf^ 

is real. Let S n \ = S — Su n . We understand exp(^S') as the product 

(1.0.1) exp^S 1 ) = exp(— SW) exp(— S^i) 

in in in 

where exp(j^S n i) is viewed as an element of G^ X2 ^ 2 )^ X2 ^ 2 ) and exp(^Si in ) 
as a special element of G^ X1 ^^ X2 ^ 2 \, a parallel transport TC( X2> m 

Remark 1.1. Note that the interpretation of the terms exp^S^n) that 
is proposed here requires some explanation. For a linear function I on 
IR 2ri , we denote by exp(4d(x, £)) the parallel transport by the vector v 
which is the image of I under the isomorphism M. 2n '* — > M. 2n defined by 
the symplectic form. Parallel transports by different vectors commute 
with each other, and so do elements exp(^l(x, £)) of the groupoid G. 
A natural impulse would be to make them satisfy commutation rela- 
tions similar to the ones in the Heisenberg group. There are indeed 
sections of the groupoid G that satisfy these relations, and they play 
an important role, in particular in 15. 1.21 (Among other features, they 
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have better behavior with respect to the flat connection on G) . For 
example, one can put gi(x,£) = exp(^£); g 2 = exp(^x) exp(^x). The 
first is the same parallel transport in the x direction at every point; 
the second is the parallel transport in the £ direction, but followed by 
multiplication by the element exp(^x) of the group G at the point 

(Z,£); 

This choice of notation works well for us, in particuar when we con- 
sider the case of the torus. But it has its disadvantages. For exam- 
ple, it is a little counterintuitive that elements exp(^x) and exp(^£) 
commute, as do exp(^r) and exp(^£ 2 ). Perhaps it would be more 
consistent to denote parallel translations by exp(-U(x, £)) and to dis- 
tinguish x, £ from x, £. On the other hand, our notation is convenient 
to describe the summands of (11.0.21) below. 



An oscillatory module on M is a bundle V with a flat connection Vy 
on which Am, &m, an d Gm act compatibly with each other and with 
the connections. In other words, V is a bundle of Am -modules 
together with an isomorphism T g : V y ^ V x for any g G G XjV , and a 
flat connection Vy, subject to various compatibilities. Intuitively, an 
oscillatory module may be viewed as a module over the "algebra" of 

expressions jh^^ x ' £> ^)) a i. x i £5 

Another intuitive way to understand oscillatory modules is via the 
framework of Connes' noncommutative geometry. It is well understood 
within this framework that the role of the ring of functions on a quotient 
of a space by a group is played by the cross product of the group by the 
algebra of functions on the space [12], [13]. In case of a good action, 
this algebra is Morita equivalent to the algebra of functions invariant 
under the action of the group, that is of functions on the quotient 
space. Therefore one can say that an oscillatory module V is a module 
over the deformation quantization of the noncommutative geometric 
quotient of M by all (quantized) symplectomorphisms. 

It is natural to try to construct an oscillatory module globalizing 
the construction of the algebraic Weil representation Ji above. Indeed, 
it is easy to construct a bundle of A^-modules with a fiber "H and a 
connection; however, the curvature of the connection is not zero but 
j^oj (for a specific choice of (Am, Va))- This is a direct consequence of 
the Fedosov theory. What we can do is to pass to a twisted bundle TCm 
(in 13. 21) . By definition, a twisted bundle is given by a Cech one-cochain 
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g Q(9 :U a nUp -> G satisfying 

g a/ 3g/3 7 = exp(^c a/37 )g a7 

where c Qj g 7 is a Cech two-cocycle with constant coefficients representing 
the class of the symplectic form u. 

Note that this definition is very similar to the definition of a flat gerbe 
Qllj); for a relation between gerbes and the Fedosov construction, cf. 

For twisted bundles, two notions from the theory of usual vector bun- 
dles still make sense. One is the notion of a flat connection (because the 
factor exp(r^c a/ g 7 ), being locally constant, preserves any connection). 
The other is the groupoid of homotopy classes {x t G M; g t : H Xo ^ 
T~tx t ] x o — x \ x i — V] 9o — id). (Note that neither an individual fiber 
H x nor the set of isomorphisms 7i x ^ H y makes any sense). Actually, 
we define our groupoid Gm this way, in terms of Hm- 

The twisted bundle satisfies all the axioms for an oscillatory module, 
except being an actual vector bundle. To construct oscillatory modules 
from it, we use a cut-and-paste procedure starting with a Lagrangian 
submanifold (cf. I4.ll) . 

For a Lagrangian submanifold L, note that u\L is exact by defi- 
nition. Therefore we can choose a primitive one-cochain for a Cech 
cocycle representing uj\L and make TCm\L a vector bundle with a flat 
connection. We define a groupoid Pl together with its morphism to 
Gm\L. This groupoid consists of classes of (x t ,gt) such that the linear 
part of g t preserves the tangent space to L. We also define a subbundle 
Vl of Hm that is stable under A M \L, Qm\L, and Pl. 

Remark 1.2. In [52], we studied an asymptotic version of the D-module 
of Lagrangian distributions whose wave front is a given Lagrangian 
submanifold of the cotangent bundle M = T*X. The bundle is a 
direct generalization of this construction. 

To assign to a Lagrangian submanifold L an oscillatory module Vl, 
one can use the induction procedure familiar from representation theory 
and define 

V L = G M *p L V L 

or, more precisely, 

{V L )x = { Yl 9x,yVy}/ ~ 
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where (g x , y p y , z )v z ~ g x ,y(Py,zV z ) for p V)Z e P y>z . The sums we are con- 
sidering are finite, or rather, after some simple completion, countable. 

Remark 1.3. This construction passes from a D-module-like object 
to an induced module Vl on which quantized Hamiltonian symplec- 
tomorhisms exp(^S') act. This reminds of a construction that passes 
from a P-module on {/ 7^ 0} to a new module on which expressions f s 
act (cf. [28J). It would be interesting to compare the two objects, as 
well as to compare our work to [35J and related works. It would also be 
useful to compare our groupoid Gm to quantized symplectomorphisms 
that appear, for example, in [22], [HI], an d [52], as we h as to the star 
exponentials from [2] and [IE]. Another question that we intend to 
study is what happens when the condition c\(TM) = is removed, 
and how to relate our constructions to the works [3] and [30J. 

Let us illustrate the construction of the module Vl with an example. 
Put M = T 2 with periodic coordinates x, £ and the standard symplectic 
structure uj = d£dx. 

Recall that the Fukaya category of a compact symplectic manifold 
with Ci(M) = is an category whose objects are Lagrangian sub- 
manifolds with some extra data, cf. [23], [21] ■ The homotopy category 
of this category is a category with the same objects. In the case 
of the standard two-torus, this category was computed by Polishchuk 
and Zaslow in [56]. They showed that it is equivalent to the derived 
category of coherent sheaves on the mirror dual complex torus. This is 
a partial case of the homological mirror symmetry conjecture of Kont- 
sevich [UJ. 

Let L m be the Lagrangian submanifold £ = mx. Sections of the 
oscillatory module Vi m are expressions Ylk& ex P((£ — rnx — k)x)fk(x, £) 
where /& are two-periodic functions with values in TC. We will show 
that morphisms of oscillatory modules Vi m — > Vi m+n , n > 0, compose 
similarly to morphisms in the Fukaya category of M, via Polishchuk 
and Zaslow's mirror symmetry. In fact, we construct such morphisms 
as operators of multiplication by 

(1.0.2) J2 e~^ {x+ * +u)2 

v=a mod — Z 

n 

Here 

e -w;(*+x+») 2 = e -jk(-+^ e -^ 2 -jk^) 2 

is an element of G that is understood as in (11.0. II) above. The expres- 
sions 8 a are, formally, linear combinations of theta functions of level 
n, cf. [48], with r = h and z = x + x, after an application of the 
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Poisson summation formula and the substitution th — . Therefore, 

T 

their composition satisfies the same identities as multiplication of theta 
functions and as composition in the Fukaya category of T 2 (because of 
the mirror symmetry for the torus, cf. [56] )• Note that D. Tamarkin 
has a version of his sheaf-theoretic category on the torus that coincides 
with the Fukaya category via Polishchuk-Zaslow [60J. 

From this example it looks like the notion of an oscillatory module 
is closer to the Fukaya category than the usual notion of a module 
over a deformed algebra; it may be also helpful for studying the B-side. 
This, together with our ongoing work on the index theorem for Fourier 
integral operators [13] and a general project to study deformations and 
modules over them in relation to index theory ([5], [6], [7J, [8], [H], 
[37] , [38] . [39] . ), is the motivation behind the present work. 

Remark 1.4. The idea to relate Lagrangian intersections to deformation 
quantization was communicated to the author by Boris Feigin in mid 
eighties, before either the invention of the Fukaya category or the more 
recent advances in deformation theory. The first work on a relation 
between .D-modules and the Fukaya theory is Bressler and Soibelman's 
article [TU]. This relation is advanced in [34J with applications to a 
physical interpretation of the geometric Langlands program. A rigor- 
ous expression of the Fukaya theory of T*X in terms of the category 
of constructible sheaves on X is contained in [50]. Further work in 
this direction was done in [2T], [32], [H], pi], [H]. In [59], another 
version of the sheaf-theoretical category on T*X is proposed, together 
with some hints about how such a category could be glued together 
from Darboux charts to a symplectic manifold. This category is re- 
lated to the Fukaya category; it is used to prove non-displaceability 
results for some Lagrangian submanifolds and other compact subsets. 
Hopefully, oscillatory modules will provide a partner for Tamarkin's 
sheaf-theoretical objects under some sort of a Riemann-Hilbert corre- 
spondence. Or, perhaps, there is a theory for complex manifolds that 
is locally based on neither sheaves nor A-modules but on elliptic pairs 
in the spirit of [57j . 

Aknowledgements I have greatly benefited from regular discus- 
sions with A. Getmanenko and D. Tamarkin. Another great bene- 
fit was an opportunity to present a very crude early version of this 
work at several meetings of the joint Northwestern-UChicago semi- 
nar. I am grateful to all participants, in particular to A. Beilinson, R. 
Bezrukavnikov, D. Ben-Zvi, V. Drinfeld, D. Gaitsgory, E. Getzler, D. 
Nadler, K. Vilonen and E. Zaslow. I am grateful to R. Bezrukavnikov, 
P. Bressler, K. Fukaya, A. Goncharov, A. Gorokhovsky, D. Kaledin, 
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M. Kashiwara, D. Kazhdan, R. Nest, Y. Soibelman, A. Szenes, and 
especially B. Feigin and A. Karabegov for fruitful discussions and sug- 
gestions. I would like to thank the referee for a careful reeding of the 
manuscript and for many useful suggestions. 

2. Deformation quantization of a formal neighborhood 
2.1. Deformation quantization algebra and its symmetries. Put 

A = Cpi, . . . ,x n ,£i, 
with the Moyal-Weyl product; 

= Dew (A) = TrA/-C[[/i]]; g = ^A 
in in in 

Put H = Sp(2n); f) = sp(2n); introduce the grading 

(2.1.1) |^| = |g| = l ; \h\ = 2. 

We can identify 0o with 5p(2n, C). One has a central extension 

(2.1.2) o^}_ C [[h]]^g^Q^O, 

in 

as well as 

oo oo 

(2.1.3) = = 

i=-l i=-2 

Any continuous automorphism g of A induces a symplectic linear trans- 
formation g of C 2n . Denote by G the group of those g whose linear 
part go preserves the real structure. We have 

(2.1.4) G = Sp(2n, R) x exp(0>i) 
Define the central extension 

(2.1.5) G = exp(4c © C) x Sp(2n, R) x exp(0>!) 

in 

One has an exact sequence 

(2.1.6) UZx exp(— C[[h}}) —> G —> G —> I 

in 

Remark 2.1. Note that the Lie algebra of G is not but the Lie sub- 
algebra 0> o . The Lie algebra of G is not but rather 0_ 2 + 0>o- This 
should be kept in mind throughout the paper. For example, we will 
consider 0-valued or 0-valued connections in G- or G-bundles. Later, 
when we globalize these constructions on a symplectic manifold M, 
the bundle of Lie algebras Qm will play the role of a Lie algebra of the 
groupoid G M - 
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Define also P to be the subgroup of G consisting of elements g whose 
linear part preserves the Lagrangian subspace 

(2.1.7) L = {£ = ...=f„ = 0} 

Let P be the preimage of P in G. 

2.2. The algebraic Weil representation. Let y = (y 1 , . . . , y n ) be n 
formal variables. For a symmetric real n x n matrix a, put 

(2.2.1) ^ = exp(^)C[[y^]]((e*|cGC)) 
Here 

(2.2.2) C[[y,h]} = { J2 G CfflKW)*) 

k=-N 

with respect to the grading ( 12. 1.1ft ; for any vector space V, we define 

(2.2.3) V((e^\ceC)) = { £ e%v k }, 

fcGN;Re(c fc )^+oo 

v k G V. In particular, the multiplication by h is automatically invert- 
ible. 

Note that the completion as in f l2.2.3f) is not necessary for A, g, and 
G to act on TC. But without it, expressions as in ( 16. 3. 2ft would not 
exist. 

Put also 

(2.2.4) w = ® a nl 

For a nondegenerate a, define the Fourier transform (cf. |40j) 

(2.2.5) F \W a ^ K>_ a -i 
as follows. Heuristically, 



7T ? 71 



(2.2.6) (Ff)(rf) = j^j- 2 J e$mdy\ 

To give the above formula a rigorous meaning, put 

F(l(y)eM^m) = /< iS |=)- F ( ex P(^)) = 



det(Via) 2ih det a/|o[ <9?7 " 2ih 

Here p(a) is the number of positive eigenvalues of a. We used the 
branch of the square root for which y\ix) > if ix > 0; it is defined 
defined on the complex plane with the line {ix < 0, x£R} removed. 
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The final term in the above chain of equalities can be viewed as the 
definition of the first term. 

The definition of the Fourier transform F extends to elements of the 
form 

(2.2.7) f(y)=«p(^ + *y2)/(y) 

where a is nondegenerate and z is another formal parameter: 

(2.2.8) F{i){rf) = F(eM^)f(y))(v + *) 
One has 

(2.2.9) F 2 = -1; FyF- 1 = ih—; Fih—F' 1 = -rj 

or] ay 

Now define 

(2.2.10) H= 'H? I ' J /~ 

Here yi y j = (xi,^j). The equivalence relation is defined as follows. Let 

(2.2.11) ' 

f(x 7l ,x /2 ,0) = exp( g(XJl 2 ^ 2,0) )/(^^/ 2 ,0) G H^u^ 

Here S is a quadratic form. We assume it becomes a nondegenerate 
form in xi 2 if we put xi 1 = £j = 0. We declare the following two 
elements equivalent: 

(2.2.12) f(x 7l ,& 2 ,&) = eM S{X %.^ j) )f(x h ^ h ,0) G 
and 

(2.2.13) F l2 f(x h ,l 2 ,h)eW^J 

Here F/ 2 is the Fourier transform from functions of Xj 2 to functions in 
Xi 2 , as in (I2.2.8p . Our equivalence relation is the minimal one for which 
all the pairs as above are equivalent. 

2.2.1. The action of A on 7i. The algebra A acts on the space 7i as 
follows. Recall that 

Vi,j = (x k \k e I; E J). 

On the summand W^ 1 ' 1 , x k acts by multiplication if k G I and by —ih^- 

otherwise; Q acts by multiplication if j e J and by otherwise. It 
is clear that this definition preserves the equivalence relation. 
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2.2.2. The action of g on H. The Lie algebra g acts on Ti exactly 
as above, namely, g = iA, and the action of h on 7i is invertible. 

2.2.3. The action of G on H. The subgroup exp(^C©C) acts on H 
in the obvious way; the subgroup exp(g>i), via the action of g defined 
above. Indeed, for any X G g>i, the exponential of the operator h i— > 
Xh converges as an operator on Ti. Finally, Sp(2n, R) acts exactly by 
the same formula as the usual metaplectic representation: 



(2.2.14) 




1 



exp( 







1 




F: 



(2.2.15) 



b 








tu-l 



T b ; (T b f)(x) 



The meaning of the above operators is as follows. The Fourier trans- 
form F sends f(xi,£j) G TC yi - J to f (£/, — scj) G H J ' 1 . The operator 



ex P( — YTU ex t en ds from TC X to all of TC as follows: 



exp( 



ax \ 
'2iK' 



d 



in d ^ 



+ iha 



d 



on TC yi ' J . This is clearly a well-defined operator. Similarly, If b is in the 
connected component of the identity, then 



exp 



en Cu 
1 cji Cjj 



Put a o b 



\{ab + ba). Define 



exp^-(c//£/ o 



d 1 ^ - 

+ TZCIJX&J 

ox i in 



iH 



d d 
dxj d£j 



d_ 



on 7i yi ' J . This, too, is a well-defined operator. It remains to define T b 
for one b that is not in the connected component of the identity, namely 
a diagonal matrix with one entry equal to —1 and the rest equal to 1. 
Depending on whether the entry —1 is in the I or J group, we define 
T b exactly as in (12.2.151) above, with respect to the variables xj or to 

Remark 2.2. The construction of 7i mimics very closely the construc- 
tion of the orbit of 1 under the action of Sp(2n) x C[x, £] on the space 
of distributions via differential operators and the standard metaplectic 
representation. The vector lj t j in 7i Vl ' J stands for the partial Fourier 
transform Fj(l). 
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Lemma 2.3. Assign to exp(-^-)f(yi ) j) G H Vl ' J the Lagrangian sub- 
space 

£/ = a n %i + a/jO 

xj = -auxi - ajjfj 

This is a well-defined map WH. yi J — > A(n) where A(n) zs the Grass- 
mannian of Lagrangian subspaces in M. 2n . The space 7i is identified with 
the space of finitely supported sections of a G-equivariant vector bundle 
on A(n). 

Proof. The Lagrangian Grassmannian is a homogeneous space of G via 
the projection G — > Sp — > Sp . In fact, 

A(n) ^ G/P. 

The above formulas turn the manifold A(n) into the union of charts 
indexed by /, J: 

(2.2.16) A(n) = ]J?7/ jJ /~ 

where each chart L^j is the space of real symmetric nxn matrices. One 
checks directly that the equivalence from the definition of 7i intertwines 
with the equivalence in (12.2.161) . and the action of G on Ti intertwines 
with the action of G on A(n) via the projection G — > Sp. The latter 
statement is enough to check on generators of Sp as in formulas (12.2. 14j) . 
( 12.2. 15p . □ 

Lemma 2.4. The lines C • l/.j C ?i yi < J form a line subbundle of H, 
which is isomorphic to the bundle on A(n) determined by the Cech one- 
cohomology class {—1)^ L where /i£ is the generator of H l (A(n), Z) (the 
Maslov class). 

2.2 A. (<5,0,A)-modules. 

Definition 2.5. A (G,g, A) is a vector space V equipped with an 
action of the group G, of the Lie algebra g, and of the associative 
algebra A subject to 

g(Xv) = g(X)gv; g(av) = g(a)gv; X(av) = X(a)v + a(Xv) 
for g G G, leg, a G A. 

Lemma 2.6. The actions described in \2.2.3l \2.2.3\ and \2.2.3\ turn H 
into a (G,g, A) -module. 
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2.2.5. The Weil representation as an induced module. Let 

(2.2.17) V = C[[£,ft]]((e*|ceC)) 

(in the notations of (12.2.31) ). This is the fiber of the bundle Ji at the 
Lagrangian subspace L = {£ = 0}. On V, 

• A acts via x i— > x, £ i— > zTiJ^; 



acts as above, via the identification g - 1 



P acts as in 12.2.3} namely: exp g>x acts via the exponential of 
the above action of g; 



f2.2.18) 



1 a 
1 



b 

t &- 1 



as in 02.2.150 . 



Define 
(2.2.19) 



V = Gx p W={ 9v}/ 



where g(pv) ~ (gp)v forgeG and p E P. 

Clearly, V is a (G, g, A)-module, with the action defined as follows: 
9i(gv) = to)v; X(gv) = g(g~ 1 {X)v)\a(gv) = g(g- l (a)v) for g 1 G 
G, I e j, a e A. 



Lemma 2.7. 



as (G, g, A)-modules. 



3. Deformation quantization of a symplectic manifold 

3.1. Deformation quantization algebra. Recall the Fedosov con- 
struction from [19]. On a symplectic manifold (M, u), consider the bun- 
dle of algebras A M associated to the bundle of symplectic frames on M 
via the action of Sp(2n) on A. In other words, if g a p : U a nUp — > Sp(2n) 
is the cocycle defining the tangent bundle, then Am is determined by 
this cocycle via the map Sp(2n) — > Aut(A). Similarly one defines the 
bundles algebras of Lie algebras Qm and Qm and the bundles of groups 
Gm and G M . There exists a flat connection V in the bundle of algebras 
Am- Locally in coordinates, it is of the form 



(3.1.1) 



V = A_i + d m + A + A 1 + 
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where Ak are g^-valued forms on M and A_i is the standard form given 
in Darboux coordinates by 

(3.1.2) A_ a = -t-^^x - -^df 

ax 

Locally for any V, there is a gauge transformation a G T(U, (G\m)>i) 
such that crVo" -1 is equal to 

< 3L3 > v -'|-^ + (|-|^ 

Here (Ga/)>i) = ex p((flM)>i))- There exists a lifting of V to a Qm~ 
valued connection V. One has 



oc 



(3.1.4) V 2 = 9 = —u + y (th) k 6 k 

in 

k=0 

where 9 k are closed two-forms. 

Given a Fedosov connection V, the sheaf of horizontal sections of 
Am is isomorphic to the sheaf Cj^[[7i]]. The product on Am induces a 
new product on C^[[/i]]. This product is of the form 

oo 

(3.1.5) f*9 = Y,f9 + m k P k U\9) 

k=l 

where Pk{f, g) are bidifferential expressions in / and g, l*f = f*l = f, 
and f * g — g * f = ih{f,g} + 0(h 2 ). The Poisson bracket in the last 
formula is the symplectic Poisson bracket corresponding to u. The 
product as in (I3.1.5P is by definition a deformation quantization of 
(M,u). Two deformation quantizations are isomorphic if there is a 
power series 

oo 

nf) = f + £( <ft )* r *(/) 

k=l 

where T(f *\ g) = T(f) * 2 T(g) and T k are differential operators on M. 

One proves that the set of isomorphism classes of deformation quan- 
tizations is in a bijection with the set of cohomology classes of 

ee±[u] + H 2 (M,C[[h}})- 

II) 

The deformation quantization is constructed from 9 as follows: start 
with a Fedosov connection V having a lifting V with V 2 = 9; then pass 
to the sheaf of horizontal sections of V. 

To prove the above statement, one first shows that any deformation 
quantization is isomorphic to the sheaf of horizontal sections of some 
Fedosov connection. For that, start with a deformation and consider 
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the bundle of algebras jets [[ft]] of jets of C[[ft]]-valued functions. 
This bundle carries the canonical flat connection [22] that, in coor- 
dinates, is given by (13.1.31) . One shows that jets [[h]} is a filtered 
bundle of algebras that is isomorphic to its associated graded bundle 
of algebras Am- The image of the canonical flat connection under this 
isomorphism is a Fedosov connection V. On the other hand, one shows 
that for any 9 as above there is a Fedosov connection V with a 0- valued 
lifting V such that the co homology class V 2 equal to 8; such connec- 
tions are gauge equivalent if and only if the corresponding cohomology 
classes 9 are equal; cf. [T9j , [20], [61] . 

From now on, we will consider only the Fedosov connections whose 
class is equal to 6 — jsko]. All such connections are gauge equivalent, 
and they lead to isomorphic deformation quantizations. 

3.2. The twisted bundle Hm- Assume that C\(TM) = 0. Equiva- 
lently, the transition isomorphisms g™ of the tangent bundle of M lift 

to a Sp(2n)-valued Cech cocycle g^¥ . 

Since Sp C G acts on 7i, we get an associated bundle of A^-modules 
with fiber 7i. A lifting of the Fedosov connection Va to a 0- valued 
connection V defines a connection on 7i. This connection is not flat; 
one has V 2 = (if the Fedosov characteristic class of our deformation 
is -4[k>])- To get a flat connection, we have to pass to a twisted bundle. 

Definition 3.1. A twisted bundle is given by 

ga/3 : u a n Up > G 

subject to 

g Q/ 3g/3 7 = exp(— c a/ 3 7 )g a7 

where ( Cech two-cocycle with values in IR representing the 

class of the symplectic form u. 

We construct the twisted bundle TLm by defining 
(3-2.1) g a/3 = exp(-^a Q/3 )^ f 

where (a a p) is a Cech one-cochain with values in smooth functions 
whose differential is (c Q/ g 7 ). 

Note that, since c a p y is a locally constant-valued cocycle, the notion 
of a connection makes sense for a twisted bundle defined by transition 
automorphisms subject to the identity as in Definition 13.11 We define 
the flat connection to be 

(3.2.2) V w = V + /i a 
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where da a p = fi a — /J, p. 

In what follows, we give another definition of T~Cm for polarized sym- 
plectic manifolds. This definition is very close to the constructions from 
[31] • Strictly speaking, the text until 13.31 is not needed for the sequel. 

3.2.1. Metalinear structures. Recall [31] that the metalinear group 
is by definition 

(3.2.3) ML(n, R) = {(g, ()\g G GL(n, R), ( 2 = det(g)} 
This is a twofold cover of GL(n, R). There is a morphism 

(3.2.4) det^ : ML(n, R) -> C x ; (#, C) >-> C 
Denote by OL(n) the preimage of O(n) in ML(n). Let also 

(3.2.5) U (2) (n) = {{u, C)\u G U(n,C), C 2 = det(«)} 

Let Sp^(2n, R) be the universal twofold cover of Sp(2n,R). There is 
a commutative diagram 

OL(n) ► ML(n, R) 

U(2)( n ) > Sp (2) (2n,R) 

where the horizontal embeddings are homotopy equivalences. 

A metalinear structure on a real vector bundle E is a lifting of the 
transition automorphisms g^g to an ML(n, R)-valued cocycle g^ g . For 
a real bundle E with a metalinear structure, the complex line bundle 
A^E is given by the transition automorphisms det ^Q^). 

Recall that a real polarization is an integrable distribution of La- 
grangian subspaces. Let V be a real polarization on M. In this case, 
automatically 2c\(TM) = (cf. [58] )• If ^ admits a metalinear struc- 
ture then a(TM) = 0. 

Let Po = {g G Sp(2n)|g preserves the Lagrangian subspace = 0}}. 
Let Po be the preimage of Po m Sp. From a real polarization V, one 
constructs local trivializations of M and TM such that the transition 
automorphisms of TM are Po-valued. If V has a metalinear structure 
then they lift to a Po-valued cocycle. 

3.2.2. Constructing the twisted bundle Hm from the jet bun- 
dle. From now on we assume that: 

• M is equipped with a real polarization V that has a metalinear 
structure. 
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• There is a line bundle C on M such that C\{£) = 2Tri[cu] and 
the transition automorphisms of C are P-horizontal. 

The twisted bundle Hm is constructed as follows. For any line bundle 
£ on M, define jetsT(£) as the bundle of jets of sections of £. If the 
transition automorphisms of £ are horizontal with respect to V, then 
denote by jetsFh r(£) the bundle of jets of "P-horizontal sections of £. 
Now, formally, write the transition automorhisms of the bundle 

(3.2.6) jets(r hor ((£®-^) ® A^))[[h]] 
and apply to them the gauge transformation 

(3.2.7) a a = e^ a * 

on any Darboux chart U a . Let us explain the meaning of the above 
formulas. First of all, (£ Q , x a ) are local Darboux coordinates on U a 
such that leaves of V subsets {x% = Ck,k = 1, . . . , n}; a choice of such 
a coordinate system identifies jets r-i 10T (C' s>n ) <8> A^Tp locally with C[[x]] 
for any integer n. Denote by g^p the transition automorphisms with 
respect to these local trivializations. Put 

(3-2.8) g af3 = cy a g^a- x 

(we explain below what does it mean to substitute a formal parameter 
— -4 for an integer n). 

Proposition 3.2. The above construction defines a cochain 

g Q /3 : U a n Up -> G 

satisfying 

ga/3g/3 7 = exp( — C a/ 3 7 )g Q7 

where c cochain with values in Z t/iat represents the class of the 

form uj. 

Proof. Let us explain the construction of g a p in more detail. Let a : 
£|C/ a A R 2n x C be a local trivialization of M and £. Put 

(3.2.9) : ^(C/ Q fl^xC^ Q (C/ a n Up) x C; 

(3.2.10) (a^u/s) i-> (g a p(xp),h^(xp)vp). 

Here h^p(xp) = gap{ ( t ) ~p l { x p))- Using similar notation for TP, define 
(3.2.11) 

g~^(s a )(£) = tTaSa^^ + a:^) -x a )/if /3 (x + x /3 )^det5(/i^)a" 1 /3 
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By definition, the power ^ means the following: locally, express h^p 
as exp(f a p); then 

c j_ 1 

= exp(—f a p). 

It is easy to see that ( 13.2. lip defines a map g a p '■ U a fl Up — > G which 
is of the form 

(3-2.12) g Q/3 G exp(^/ Q/3 )5r™exp(g>i); 

here are Po _va l ue d transition functions of TM, after the embed- 
ding Pq — > Sp(2n). It is also easy to see that the Cech coboundary of 
(fa/3) represents the class of a;. □ 

The canonical connection on the jet bundle is of the form 

(3.2.13) Vcm = (A-J^ + AdC; 

after the gauge transformation a a , it becomes 

(3.2.14) V« = + (J, - + (A + 
this is a flat connection on TCm- 

3.2.3. Constructing the deformation quantization Am from the 

jet bundle. Now define a bundle of algebras by means of a Cech 
cocycle which is the image of G a p under the projection G — > G. This 
is a filtered bundle of algebras whose associated graded is isomorphic 
to A M (cf., for example, [53]). Abusing the notation, we will denote by 
A M the above bundle of algebras itself. 

Remark 3.3. Recall that the Rees ring of a ring A with an increasing 
filtration F m A is defined by 

TZA = J2 ft P F P A. 

Consider the bundle of algebras T^jetsPhorfX® - ^ (g> A^T*V), after the 
gauge transformation Ad a a on any Darboux chart. This is a bundle 
with the fiber C^ ,pol [h} where the latter can be defined as follows. Let 
FqCm = C^ T be the space of functions that are horizontal with respect 
to V. Define inductively F n C$ = {f\{f, F } C F n _i}. Put 

-"fOO,pol I, 771 ^100 

°M ~~ ^n^n^M- 

In local Darboux coordinates, F n consists of functions that are polyno- 
mial of degree < n in £ a . The transition functions and the product in 
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the above bundle of algebras extend from C^' po [h] to C^[[ft]] to give 
the bundle A^ as above. 

One defines a connection Va on Am exactly as we did for TCm- This 
is a Fedosov connection. To construct its g-valued lifting, consider a 
bundle which is a modification of TCm- Formally, consider the transition 
automorphisms of the bundle 

(3.2.15) jets(r hor ((£®-^) ® ^T*))[[h]] ® 

(Rigorously speaking, these are just G a pexp{—^f a p)as in and after 
(13.2. lip ). They have the same image in G as the transition automor- 
phisms G a p. Formally writing the connection V can <g> 1 + 1 ® V £ , we 
get a g-valued connection Va lifting Va and such that Vf = hw. 

The above construction is a generalization of the one carried out in 
[52] for the case of the cotangent bundle. It is also very close to the 
one from [I]. 

3.3. Twisted bundles and local trivializations. Another way to 
interpret TCm is as follows. Let, as above, c = (c a/ g 7 ) be a Cech cocycle 
representing the class of u. 

• For any local trivialization T of c, a bundle TLt of A^-modules. 

• For any two local trivializations T and T', an isomorphism of 
bundles 4>t,t' '■ TLt TCt'- 

• For any three local trivializations T, T", and T", 

rpj; o (J)t' t 11 = Ct T' T"(pTT" 

where Ct,t',t" £ exp(^IR). 

• For any four trivializations, 

Ct jv t" ^T T" T'" ~~ ^T 1 T" T'"^T T f T'" 

Every bundle TL is a bundle of AM-modules. It is equipped with a flat 
connection Vn,T, and ^TT'^n^T = ^h,t'- Also, 4>t,t' are isomorphisms 
of Aju-modules. 

The bundles TLt are defined by Cech cocycles G' a/3 = G a/ 3exp(— ^a^) 
where a a p is the cochain trivializing c Qj g 7 according to the local trivi- 
alization T. 

3.4. The groupoid Gm- We keep the assumptions from 13.2^21 Recall 
that c is a chosen real-valued two-cocycle representing the cohomology 
class of uj. 

For x, y G M, define G X)V as the set of equivalence classes of the 
following data: 
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(1) A smooth path 7 : [0, 1] — > M; we put j(t) = x t and require 
x = x, xi = y. 

(2) A trivialization T of 7*c. 

(3) gt : 'Ht.xo *~ Ti-T,x t smoothly depending on t G [0, 1]. We require 
^j-Qt 1 to be in the image of © g> in the space of linear 
operators on Ht, x - 

Two such data (70, gt,o, T) and (71, g tt \, T') are equivalent if there exist: 

(1) A smooth 7 : [0, l] 2 — > M; we denote 7(t, s) by x t)S and require 
x t>0 = x, x t> i = y. 

(2) A trivialization 5 of 7*c. 

(3) Isomorphisms /i tjS : H XQ <— Tlt, s smoothly depending on (t, s) G 
[0, l] 2 and satisfying 

9t,o = <l>s}r( x o)ht,o<f>s,T( x t,o)] 9t,i = <Ps}r'( x o)ht,i ( t ) s,T'{x t ^). 

Let (7, T, g t ) define an equivalence class in G XiV and (5, S, h t ) a class 
in G VjZ . The composition of these classes is the class in G XyZ of the data 
(7 o 5, R, k t ) obtained as follows: the path is the concatenation of 7 
and 5; the trivialization R is defined in the obvious way from T and 
S; the isomorphisms k t are defined from g t and h t by concatenation, 
using the trivialization R. We leave the details to the reader. 

It is easy to see that the composition is well defined. It turns the 
collection of G X)V into a groupoid on M. For any x and y in M, G X)V can 
be identified with ni(x, y) x G where 717 is the fundamental groupoid 
of M. 

3.4.1. Connections on groupoids. Assume that G is any Lie groupoid 
on a manifold M. Denote by tti and ir 2 the two projections M x M — > 
M, and by 1 < i < j < 3, the three projections M x M x M — > M. 

Let V be a vector bundle on M. Recall that an action of the groupoid 
G on V is a morphism of presheaves on M 

G X Tl^V -> 77*^; (<7, I)) ^ (Tf 

such that o"(rf ) = (ar)f as morphisms tt^G x it% 3 G x 7r| V" — > it*V. 
Let be a bundle of Lie algebras on M. We assume that 

(1) G acts on g by Lie algebra isomorphisms; 

(2) Lie{G XtX ) Cfc; 

(3) When restricted to Lie(G XtX ), the action of G is the usual adjoint 
action. 
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Somewhat abusing the notation, we denote the action of G on g by Ad. 
Note that g can be larger than the bundle of Lie algebras Lie(G X)X ), 
compare to Remark 12.11 

A connection on G is a morphism of presheaves onMxM 

(3.4.1) a^a^Via) G - 
satisfying 

(3.4.2) ^(H^VH) = Adir- 1 )^*- 1 ^*))) + ^(r-'Vir)) 

mn 1 MxMxM ( y n*(Q)). 

Assume now that V is a vector bundle with a connection Vy. Let 
G act on V together with the bundle of Lie algebras g, and that the 
two actions are compatible. We say that the action is compatible with 
connections if 

(3.4.3) (tt*W)(H = Ad((j)((7- 1 V((7))u + aV v v 

In particular, we will often assume that g has a flat connection Vg 
compatible with the adjoint action of G. In this case, we say that the 
connection on G is flat if 

(3.4.4) teVsKr-M*)) + ^[<7- 1 vw,^ 1 vW] = o 

in fi MxM (^g). 

Example 3.4. Let V be a vector bundle with a connection Vy. Put 
Gj.^ = Isom(V^, 14) be the set of isomorphisms V x ^ V y . Define a 
connection on G that is compatible with the action of G on V as 
follows. In local coordinates, if V = d m + A and Ai = it* A on M x M, 
then 

(3.4.5) a" 1 V(a) = a- 1 ^^) + Ad^ 1 )^ - A 2 

3.4.2. The connection on Gm- We define a flat connection on Gm 
to be the one induced from the above connection on Isom(7i A f) under 
the morphism Gm — > Isom(7i M ). 

4. Oscillatory modules 

As above,we keep the assumptions from l3.2T2l We have defined: 

• The bundle of algebras Am with a flat connection Va; 

• The bundle of Lie algebras Qm with a flat connection V^; 

• The twisted bundle of modules H.m with a flat connection V^; 

• The groupoid Gm with a flat connection V, or Vg- 
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Furthermore, Gm acts on A M , g M , and TCm] 8m acts on A M and on 
TCm] Am acts on TCm] all these actions are compatible with each other 
(as in 12.2.41) and with the connections. 

Definition 4.1. An oscillatory module is a bundle V with a flat con- 
nection Vy together with the actions of Gm, 0m> and Am- These 
actions are required to be compatible with one another and with the 
connections. 

The twisted bundle TCm satisfies all the requirements but one: it is 
not an actual vector bundle. We will turn it into one by a cut-and-paste 
procedure described in the subsection below. 

4.1. Oscillatory modules and Lagrangian submanifolds. Assume 
that L is a Lagrangian submanifold of M. Define a vector bundle Yl 
with a flat connection Vy as follows. Consider the restriction of TCm 
to L. As above, choose a Cech cocycle c representing the class of uj. 
Choose a trivialization T of c on L (this can be done because L is 
Lagrangian). Now define Yl as the subbundle Of TCt consisting of vec- 
tors whose image in the Lagrangian Grassmannian (cf. Lemma 12.31) 
at every point x is the tangent space T X L. It is easy to see that this 
subbundle is preserved by the connection V^. (The induced connection 
is 0- valued) . 

Let Pl be the groupoid on L constructed as follows: (Pl)x,v is the 
set of homotopy classes of smooth paths 7 : [0, 1] — > L; j(t) = x t 
together with g t : Y x <— - Y Xt that depend smoothly in t G [0,1]. We 
assume that ^g^ 1 is in the image of j^C + p>o in the space of linear 
operators on Y x . Here p is the Lie subalgebra of g> consisting of those 
X whose component in g lies in p ©C, po being the Lie algebra of Pq. 

Now define 



(4.1.3) gp-v ~ g -pv, geG x , y , p e P y , z , v e V L ,z, y,;zeL. 



g{9i • v) = {ggx) ■ v; X(g ■ v) = g ■ Ad(g l ){X)v; a{g-v) = g-g \a)v 




where 
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Now construct a flat connection on V. Formally, put 

(4.1.5) Vv(<? -v)=g- (g- l V d (g))v + g-Vvv 

The meaning of this formula is as follows. First of all, g ■ v stands 
for the following. There is a smooth map ip : U — > L where U is an 
open subset of M, plus a section g G r(graph(</?), Cm)- There is also a 
local section v of Vz> The local section g ■ v of Vl on [/ is defined by 
a; i— > g(x,Lp(x)) ■ v(<p(x)). For a tangent vector X G T^M, define 

(4.1.6) (Vv)x(<? • u) = £ • (^xGT'VgG?)))^ + <? • (V v ) v .x(u) 

Here ii : U graph((/?) is the embedding, and Vjf = tx(Vf) is the 
covariant derivative along a tangent vector X. 

5. The case of the two-torus 

5.1. Deformation quantization of the two-torus. Let M = T 2 = 

M 2 /Z 2 be the standard two-torus with coordinates x and £ and with 
the symplectic form u; = d£dx. 

5.1.1. The bundles A M and g M . Sections of A M are A- valued func- 
tions /(x, £; x, £, ft) satisfying 

( 5 - L1 ) 

/(x + 1, f ; x, Z K) = /(x, f ; x, f , ft); /(x, £ + 1; x, f , ft) = /(x, £; x, f , ft) 
The Fedosov connection is of the form 

(5.1.2) v A = (|-J=)«fa + (|-|)«(e 

The bundle of Lie algebras Qm is just ^Am with the same connection 
and with the commutator given by [a, b] = ab — ba. 

5.1.2. The twisted bundle TCm- Consider the trivialization T of the 
form w on a cover R 2 /Z of M with coordinates x G K, £ G M/Z, given 
by 

(5.1.3) uj = d(-xd£) 

Lemma 5.1. One can choose the data C, Vc in such a way that sec- 
tions of the bundle TCt become identified with Ti-valued functions on 
IR 2 satisfying 

s(x + 1,0 = s(ar, 0; sfo £ + 1) = e^s(x, f ) 
and the connection V?^ becomes 
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Proof. Choose £ in such a way that its sections are identified with 
functions s(x,£) 

s(x + 1,0 = s(x, 0; s(x, £ + 1) = e 2 ™s{x, 
Then the formula 

(5.1.4) V jC As(x,0 = (^ + AOdx + ^dx 

defines a connection in £® A . One has 

(5.1.5) V 2 c x = -\d£dx 



Clearly, the bundle Tm is trivial, and so is f\ 2 T M . If one writes formally 
the transition automorphisms of the bundle jets Thor^ - ® 11 ), one iden- 
tifies its sections with functions s(x,£,x) subject to 

(5.1.6) s(x + l,£,x) = 8(x,£,x); s(x, £ + 1, x) = e^s(x } £, x) 
on which the canonical connection acts via 

(5.1.7) v_ 

After the gauge transformation 

(5.1.8) a : s(x,£,x) i-f exp( — — ), 

in 

the equation (15.1.61) becomes 

(5.1.9) s(x + 1, £, x) — s(x, £, x)\ s(x, £ + 1, x) — e^s(x, £, x) 

and the formula (I5.1.7P for the connection turns into the statement of 
Lemma 15. 11 □ 



5.1.3. The groupoid Gw First, let us describe some special elements 
of Gm- Let 

(5.1.10) exp(^((£i - 6 + k)x - (xx - x 2 + 1)0) G (G M ) (lli6) , (l2i6) 

be the class of (x t , gt) where x t is the straight line path from (x\, £i) to 
(x 2 , £2) > followed by the straight line path from (x 2 , £2) to (x 2 + fc, £2+^)5 
and gff = idft. Sections of Gm are of the form 

(5.1.11) exp(— ((£1 - 6 + - (a?i - ^2 + OOM^i) £1, x 2 , £ 2 ) 

in 

where g is a G-valued function on M 2 x M 2 satisfying 

(5.1.12) o = g(xx + l,£i,x 2 + 1,6) = g(x u i l} x 2 ,i 2 ) 
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(5.1.13) + l,a;2,6 + 1) = exp(^-(xi - x 2 ))g(x 1 , £ u x 2 , £ 2 ) 

in 

The connection Vg sends the element a to 

(5.1.14) Vg(a)a- 1 = ^(6^2 - &dzi) + rf D R^)^ _1 + 

Ad(#~ x )(— (fdx! - sdfi) - T^(£dx 2 - xd£ 2 )) 

viewed as a 77^ (g)-valued one-form on T 2 x T 2 . This follows immediately 
from the general definition of and from the definition of TCm on the 
torus. 



6. Lagrangian SUBMANIFOLDS AND MODULES 

6.1. The bundle of modules Vz, n . Let L n be the Lagrangian sub- 
manifold {£ = nx} of T 2 . Sections of the bundle Yl„ are C[[x]]((/i))- 
valued functions s(x,nx + k), x G R, A; G Z, satisfying the condi- 
tions as in Lemma 15.11 The gauge transformation s(x,nx + k) i— > 
exp(^?2x 2 + ^kx))s(x,nx + fe) makes this bundle trivial. After iden- 
tifying V^ n with the trivial bundle, we get the following expression for 
the connection Vy: 

d d 1 

(6.1.1) V Y = - —nx)dx 

ox ox in 

The bundle of algebras Am acts as follows: £ acts by zTi J* + nx, and x 
by multiplication by x. 

6.2. The bundle of modules Vl u - Sections of Vl u are expressions 

(6.2.1) v = exp(— (£ — nx — k)x)f(x,£) 

in 

where k belongs to Z and / is a two-periodic function with values in 
TC. The connection Vy transforms the function / as follows: 
(6.2.2) 

1 d d 1 d 1 

V v : / i-> (-t^ (6-nx-A;)dx + (— - — - — nx)dx + (^- + ^a;)d£)/, 
m ax ax m a£ m 

or, formally, when applied to the entire expression (I6.2.ip . 
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6.2.1. The action of Gm on Vz, n . The groupoid Gm acts on Vl„ as 
follows. If 

(6.2.4) a = exp(— ((& - 6 + - (»i - ^2 + 08)^(^1.^1? ^2, 6) 
as in (15.1.111) and 

(6.2.5) v = exp(-Uf 2 - nx 2 - k)x)f(x 1 ,x 2 , 6, 6) 

is a section of 71*2 V 'l„ (cf. (16.2.11) ). then 
(6.2.6) 

1 TXOl^ JvQZ^ 

av = exp(— (^ 1 -nx 1 -fc)x)exp(— J--— 1+— —)(gf)(xx, x 2 , £ 2 ) 

zn 2m 2m m zn 

which is a section of vr*VL n . 

6.3. Morphisms Vi m —* Vi m+n . Let n > and a G -Z. Consider the 
expression 

(6.3.1) 9 a = e~^ x+ * +u)2 

u=a(modZ) 

which has the following meaning. Transform the above formula to get 

(6.3.2) 9 a = e^ n{x+ ^e-^ 2 e-^ {x+u)2 

u=a(modZ) 

The first factor in the right hand side is viewed as an element of 
G( X £),(x£-n(x+v)) for any point (x,£); the second, and the third, as ele- 
ments of G, and therefore of G, ^ / for any (x, £). 

Theorem 6.1. The formula v 1— > 9 a v defines a morphism V^ m — > 
Vi„ +m of (Am, Gm, 9m) -modules with connections. 

Corollary 6.2. TTie subcategory of the category of oscillatory modules 
generated by objects Vl„ and morphisms 8 a is isomorphic to the sub- 
category of the Fukaya category of T 2 generated by L m and morphisms 
L m — > L m+n for n > 0. 

Proof. Note that 6 a are, formally, linear combinations of theta functions 
of level n jH] with r = h and z = x + x, after an application of 
the Poisson summation formula and the substitution r 1— ► — -. The 

T 

corollary now follows from the mirror symmetry for T 2 , cf . [56] . □ 
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